Geons, small topological structures that exhibit particle properties such as charge and angular momentum without the presence of matter sources, have been extensively discussed in 3 + 1-dimensional general relativity. Given the recent renewal of interest in 2 + 1 gravity, it is natural to ask whether or not the notion of geons extends to three dimensions. We prove here that, in contrast to the 3 + 1-dimensional case, there are no 2 + 1-dimensional asymptotically flat solutions of the vacuum Einstein or Einstein-Maxwell equations containing geons. In contrast, 2 + 1-dimensional asymptotically anti-de Sitter spacetimes can indeed contain geons; however, the geons are always hidden behind a single black hole horizon. We also prove sufficient conditions for the non-existence of 2 + 1-dimensional asymptotically flat geon-containing solutions.
I. INTRODUCTION
Over half a century ago, Wheeler proposed that geons, small isolated gravitational structures without horizons in general relativity, could exhibit particle-like properties such as charge and angular momentum without the presence of matter sources [1] . This work, further elaborated by Wheeler and his collaborators in [2, 3, 4, 5, 6] provided an intriguing alternative to the introduction of fundamental matter fields in quantum theories that include gravity. The early study of geons emphasized the analysis of asymptotically flat spacetimes containing soliton-like gravitating electromagnetic fields with simple topology R 3 ; however initial data for geons with nontrivial topology was also exhibited, mainly in the context of the production of nontrivial electric charge. Though conceptually appealing, technical problems were discovered that reduced interest, namely that asymptotically flat geons on R 3 with no horizons were unstable on short timescales; the solitonic-like configurations tended either to collapse to a black hole or disperse. In addition, early topological geons exhibited the unpleasing property that both electric and magnetic charges could be produced by threading the topological structure with the appropriate electromagnetic field. Thus these geons yielded no selection rule for the observed absence of magnetic monopoles. However in 1979, Sorkin showed that a geon with the topology of a non-orientable handle did not exhibit this flaw [7] ; it produced only one kind of monopole charge, which could be taken as the electric charge. Soon after, Friedman and Sorkin gave an interesting formal argument that the inclusion of topological geons in 4-dimensional quantum gravity resulted in spin 1/2 quantum states with no fermionic matter sources [8, 9] . These two arguments renewed interest in the role of geons, in particular those with nontrivial topology, as quantum particles in 4-dimensional quantum gravity [10] . Henceforth, the term geon will refer to ones with nontrivial topological structure.
Further work elaborated key features of geons in classical general relativity. The detailed conditions for the formal existence of spin 1/2 states from geons and interesting ties to the topology of 3-manifolds were given in a series of papers by Friedman and Witt [11, 12, 13, 14] . 1 In addition, Witt showed that physically reasonable initial data sets for the Einstein equations can be constructed on all smooth 3-manifolds [15] . Thus any quantum geon in 4-dimensional quantum gravity will yield a classical geon in the correspondence limit. This analysis of geons in classical relativity laid the foundation for further formal study of geons in 4-dimensional quantum gravity, in particular the study of the applicability of spin-statistics to quantum geons [10, 16, 17, 18, 19, 20] . These formal results on spin 1/2 quantum states of geons and their spin-statistics are generic in the sense that they apply in any theory of quantum gravity in which the rotation operators can be defined at asymptotic infinity. Nonetheless, no concrete application of these results in a quantum setting can be investigated as no complete theory of quantum gravity in 4-dimensions is known. Therefore, order to gain a better understanding of the physics of quantum geons, it would be useful to have an analogous, well defined quantum arena to be able to investigate their properties in.
A natural starting point for such an investigation is 2 + 1-dimensional quantum gravity.
Twenty years ago, it was pointed out by Witten that 2 + 1-dimensional quantum gravity was exactly solvable [21] . By working on the space of solutions, quantum amplitudes for 2+1 gravity with closed spatial topologies could be formulated in terms of finite dimensional quantum mechanics. Thus problems such as the nonrenormalizability of quantum gravity in more than two dimensions associated with traditional approaches based on quantization on infinite dimensional configuration space could be avoided. This result led to a renaissance of research in Chern-Simons theories and topological field theories in three and more dimensions, mainly concentrating on the flat, closed universe case (See [22] and [23] for an overview of this large set of results). Indeed, this work spurred the investigation of formal properties of 2 + 1-dimensional geons such as spin [24] and a generalized spin statistics theorem for the geons in 2 + 1-dimensional quantum gravity [25] based on the assumption that quantization of closed, flat universes could be extended to the open case.
Recently, there has been renewed interest in 2 + 1-dimensional gravity; Witten pointed out certain issues are more subtle in the asymptotically anti-de Sitter case and should be revisited, a case not considered in detail in the first era of work [26] . This suggestion has resulted in a resurgence of work in 2 + 1-dimensional quantum gravity in the context of 2 + 1-dimensional anti-de Sitter spacetimes and related 2 + 1-dimensional theories such as topologically massive gravity [27, 28] and chiral gravity [29] . These 2 + 1-dimensional quantum gravity models explicitly exhibit asymptotic regions. Therefore they provide a natural forum in which it may be possible to extend formal results on geons and other such structures more rigorously to the quantum realm. [30, 31, 32] . Hence these spacetimes would seem to provide a more natural starting point for the study of 2 + 1 geons.
In Section II, we summarize basic definitions needed in the proof of our results. In Section III, we prove a contradiction to the existence of an outer trapped surface for asymptotically flat 2 + 1-dimensional solutions to the vacuum Einstein and Einstein-Maxwell equations and provide sufficient conditions for the non-existence of an outer trapped surface for spacetimes with zero cosmological constant that satisfy the dominant energy condition. We begin with a proof of a result of Ida [33] on the nonexistence of trapped surfaces in spacetimes with positive cosmological constant. We then fix a gap in the extension of Ida's result to the case of zero cosmological constant by first proving that there exist no trapped surfaces in this case if the spacetime is analytic. We conclude by showing that 2 + 1-dimensional Einstein spaces are indeed analytic. In Section IV we prove our main result. First, topological rigidity, a consequence of topological censorship [34, 35, 36] , is used to prove the existence of a horizon for both the asymptotically flat and asymptotically anti-de Sitter geons. We then prove that asymptotically flat geon spacetimes must contain an outer trapped surface. We then use the results of Section III to prove a contradiction to the existence of a horizon for asymptotically The universal covering space or universal covering manifold of M can be constructed in the following way: Pick a point x 0 ∈ M and consider the set of smooth paths P = {c : A spacetime M, possibly with boundary, is globally hyperbolic if it is strongly causal and
This definition is a generalization of that of a globally hyperbolic spacetime without 2 The timelike future (causal future) of a set S relative to U , I + (S, U ) (J + (S, U )), is the set of all points that can be reached from S by a future directed timelike curve (causal curve) in U . The interchange of the past with future in the previous definition yields
boundary and is satisfied by ALADS spacetimes. 3 Also, note that the Penrose compactification of an AF spacetime (which is itself globally hyperbolic by the usual definition) is globally hyperbolic in this general sense.
A Cauchy surface V is a spacelike hypersurface such that every non-spacelike curve intersects this surface exactly once. Note V for a manifold with boundary I will have boundary on I. A partial Cauchy surface is a surface that satisfies the weaker condition that each non-spacelike curve intersects the surface at most once. An event horizon is the boundary of the DOC. More specifically, a future event horizon
is the boundary of the causal past of a connected component of the boundary at infinity, I 0 ,
, a past event horizon is the boundary of the causal future of I 0 ,J
the event horizon is the union of future and past event horizons.
A closed orientable spacelike surface in the Cauchy surface V is an outer trapped surface if the expansion of outgoing null geodesics orthogonal to it is nonpositive, θ ≤ 0. The case θ = 0 is a marginally outer trapped surface, also termed an apparent horizon. Note that in 2+1 dimensions, an outer trapped surface is in fact a curve with the topology of a circle;
however, we will adopt the convention of referring to it as a surface in keeping with the nomenclature of higher dimensions.
III. EXISTENCE AND NONEXISTENCE OF OUTER TRAPPED SURFACES IN 2+1 GRAVITY
We begin with a set of theorems on the existence of outer trapped surfaces in AF and ALADS spacetimes in 2 + 1 gravity. These theorems do not depend on the topology of the Cauchy surface; however they play an essential role in the analysis of geons in the next section. The first theorem demonstrates that a necessary condition for an outer trapped surface is nonpositive cosmological constant. This result was first obtained by Ida [33] . Our proof, using the triad notation of [37] , parallels that of [33] ; both are based on the approach used in proving the topology of a marginally outer trapped surface by Hawking [38] and that of the horizon in stationary spacetimes [39, 40] . (See [41] for a more readily available outline of the Hawking proof.) We then sharpen this result and fix a gap in its application to the zero cosmological constant case, pointed out in the 4-dimensional case by Galloway [42] by proving that there are no outer trapped surfaces in AF spacetimes that are analytic.
Finally we prove that all 2 + 1-dimensional spacetimes with Einstein metric are analytic. contains an outer trapped surface, and the Cauchy surface containing it is not itself entirely trapped, then Λ ≤ 0.
Proof. Let V be a Cauchy surface in M 2+1 that contains an outer trapped surface. This surface either is itself a marginally outer trapped surface or lies in a trapped region. If the trapped region is not all of V , it must have an outer boundary and it follows that this outer boundary is the outermost marginally outer trapped surface in V . Denote this outermost marginally outer trapped surface by S. Let l be the future directed null vector tangent to a null congruence orthogonal to S, n be the other future directed null vector orthogonal to S and m be a spatial vector tangent to S. Normalize l, n and m such that
The metric can be decomposed in terms of this null triad;
The covariant derivatives of l, n and m can be written in terms of the spin coefficients c.f.
[37]:
As the spacetime is 2 + 1-dimensional, there is no shear or vorticity; the expansion
completely characterizes the projection into S of the evolution of this congruence.
Consider deforming S outwards in V a distance s along the spatial vector v a = e y (l a −n a ) in V . 4 Call this surface S(s). The scaling factor y is initially arbitrary; it will be chosen to take on a convenient value later. l a and n a will be orthogonal to S(s) if
or, in terms of the spin coefficients,
A straightforward computation yields
where the curvature convention used is
In three dimensions, the Riemann curvature is determined by the Ricci curvature:
Therefore
upon imposing the Einstein equations. It directly follows from (3) after substitution from (2) and (5) that
The orthogonality condition (2) also yields τ − κ N P = α − m a ∇ a y. Using this relation in the divergence of τ − κ N P in (6) and evaluating on S yields
4 Note that l a and n a can be scaled, l a → e φ l a and n a → e −φ n a , such that l a − n a lies in V and is proportional to the normal of S in V .
one can use this fact to choose the scaling y such that the last three terms in (7) are constant and
The constant c is nonnegative if the DEC holds; the DEC implies the NEC as well as that T ab l b is a future pointing non-spacelike vector. Therefore R ab l a l b , T ab n a l b and consequently c are nonnegative. Thus the right hand side of (8) is negative if Λ > 0. This implies that there exists a trapped surface outside of S, in contradiction to the assumption that it was the outermost marginally outer trapped surface. Hence Λ ≤ 0.
Theorem 1 does not directly use the asymptotic properties of the spacetime, although it does assume that the notion of an outer trapped surface is well defined, which implies that there is some asymptotic region with respect to which the outer direction can be defined.
In addition, asymptotics can be used to show that the trapped region does not consist of all of V . In particular, AF and ALADS spacetimes have the property that large spatial circles near the boundary at infinity are untrapped. Hence, the asymptotics of these spacetimes guarantee that the trapped region is not all of V and hence that there is a marginally outer trapped surface.
Theorem 1 directly tells us that there can be no outer trapped surface in a spacetime with Λ > 0. Proof. If c > 0 and/or τ − κ N P = 0 on S, the conclusion follows immediately from Theorem 1. Therefore, assume these terms vanish at all points on S. By analyticity, θ is given by its
Taylor expansion,
c n s n and c 0 and c 1 vanish everywhere on S. Next, observe that
By (6) and appropriate choice of y (9) is equivalent to
The spin coefficients, c and y are analytic functions of s by the assumption of analyticity.
Taking the limit, as the leading term in θ is c 2 s 2 , the first term on the right hand side vanishes, and the second term is manifestly nonpositive. It follows that c 2 ≤ 0 everywhere on S. If c 2 < 0 for any point, there is an outer trapped surface in some neighborhood outside of S, in contradiction to initial assumption. If c 2 = 0 at all points on S, then iteration of the above argument yields the result that if the coefficients c n vanish on S for all n ≤ k − 1,
If c k < 0 at some point on S, it again follows that there is an outer trapped surface in some neighborhood of it, in contradiction to initial assumption. If all coefficients vanish identically, then it follows that θ must be zero somewhere for s > 0; that is, there exists a marginally outer trapped surface outside of S, again in contradiction to initial assumption.
We will next consider the conditions under which the spacetime metric is analytic. First, a well known result is that static vacuum spacetimes are analytic [44] . This result was extended to the stationary case in [45] and explicitly worked out for the case of EinsteinMaxwell gravity in [46] . These results were proven in 4 dimensions, but can be generalized to any dimension. As the future horizon and apparent horizon coincide for stationary space- Proof. An Einstein metric in 2 + 1 gravity satisfies
where Λ is the cosmological constant. The 3-dimensional Riemann tensor (4) is then
Note that the Riemann curvature tensor is parallel because ∇ a R bcde = 0. Next, recall that the sectional curvature is defined by
The sectional curvature for an Einstein metric in 3 dimensions is thus simply
Therefore, a 2 + 1-dimensional spacetime with Einstein metric is a spacetime of constant sectional curvature, that is a local space form. In general, one can pick local coordinates at each point such that the metric can be written as
This metric is thus analytic in a neighborhood of the point as the conformal factor is an analytic function. 
IV. GEON SPACETIMES AND HORIZONS 2+1 GRAVITY
We have established that there are no outer trapped surfaces in 2+1-dimensional vacuum AF spacetimes. However, this fact does not itself show that there are no horizons. A standard result in causal structure is that if a globally hyperbolic AF spacetime contains an outer trapped surface, this surface must lie inside a future event horizon [40] . However, the converse is not true. A simple illustration of this, a slicing of Schwarzschild spacetime in which there are no outer trapped surfaces in the black hole region of the Cauchy surfaces was exhibited by Wald and Iyer [51] . However, one can prove, using topological censorship, that 2+1 AF or ALADS geon spacetimes must have horizons. Furthermore, these spacetimes also must contain an outer trapped surface. These theorems, proven below, allow us to conclude our main result, the nonexistence of AF vacuum geon spacetimes.
We begin with the definition of a geon spacetime: Definition 1. A globally hyperbolic spacetime M is a 2 + 1-dimensional geon if its Cauchy surface V has interior homeomorphic to Π − {p} where Π is a closed 2-manifold other than the 2-sphere S 2 , and {p} is a point.
Note that a closed manifold is alternately termed a compact manifold without boundary.
An AF geon is a geon that also satisfies the definition of an AF spacetime. An ALADS geon similarly also satisfies the definition of an ALADS spacetime.
To prove our next result, we will utilize a key corollary of the topological censorship Theorem for 2 + 1-dimensional spacetimes [36] . In Theorems 4 and 5 below, the energy condition used is the NEC. However, the topological censorship theorems hold under a form of the weaker, averaged null energy condition (ANEC). 6 Clearly, Theorems 4 and 5 hold under the more general energy condition, ANEC. However, the DEC implies the NEC; therefore it suffices for the goals of this paper to state these theorems using the NEC. Proof. (We provide here an extended, alternate proof to that in [36] .) Let V ′ be the 2-dimensional Cauchy surface in the Penrose compactified spacetime D ′ = D∪I with boundary at spatial infinity ∂V = σ ∞ . As D ′ satisfies the conditions needed to prove topological censorship, it follows that the homomorphism of fundamental groups i * :
induced by inclusion is surjective and D ′ is orientable if I is orientable [35, 36] . That is, the
In 3 dimensions, each connected component of I has topology S 1 × R for AF geons and S 1 ×R or R 2 for ALADS geons. Therefore, the only choices for the spatial boundary topology 6 Specifically, the form of ANEC used is that for each point p in M near I and any future complete null geodesic s → η(s) in M starting at p with tangent l,
at infinity are S 1 , the only closed connected 1-dimensional manifold, and R. First consider the case where the spatial boundary at infinity is
This exact sequence and basic group theory imply that Π 1 (V ′ ) = Z/ker i * . Since the kernel of i * must be a subgroup of the integers, ker i * ⊂ Z, it follows that ker i * = sZ where s is a fixed non-negative integer.
Therefore, π 1 (V ′ ) = Z/sZ = Z s . Now, from the classification of 2-manifolds, V ′ must be a closed orientable 2-manifold minus a disjoint union of one or more disks. It follows from the classification of 2-manifolds and their fundamental groups that s = 0 or s = 1 and that the only choices for V are B 2 (a disk) or I × S 1 (an annulus). Finally, consider the case where the spatial boundary at infinity topology is R. It immediately follows from the fact that R is contractible and
Hence, for this case, the only choice for V is B 2 .
It is important to note that this theorem determines the spatial topology of the DOC, the region of spacetime which can be probed from infinity, not that of the full spacetime.
Thus it allows the Cauchy slice of the full spacetime M 2+1 to have non-trivial topology; this topology, however, will be behind a single horizon. This result is shown below.
Theorem 5. Let M 2+1 be a globally hyperbolic AF or ALADS geon spacetime satisfying NEC, and let V be a Cauchy surface in M 2+1 . Then the spacetime has a horizon.
Proof. By the definition of a geon, the interior of the Cauchy surface is Π − {p}. Assume that the geon spacetime has no horizon; it follows that the DOC of M 2+1 is itself M 2+1 .
However, according to Theorem 4, the interior of the Cauchy surface of M 2+1 is then either B 2 or I × S 1 . These spaces are topologically S 2 − {p} or R 2 − {p}. Hence neither contain any nontrivial topology and are not the Cauchy surface of a geon, in contradiction to the initial assumption. Therefore the geon spacetime has a horizon.
Theorems 4 and 5 imply that if a spacetime has any non-trivial topology, it is hidden inside a horizon. Moreover, there is never more than one black hole horizon bounding the DOC of each connected component of I in any 2 + 1-dimensional AF or ALADS spacetime.
Hence an observer in the asymptotic region characterizes the spacetime as containing a single black hole. 7 This still leaves open the question of whether or not there exist geon solutions 7 In 2+1 gravity, Brill [30] uses the terminology multi-black hole spacetime to describe the structure of the Einstein equations that exhibit horizons. The answer is clearly yes for the ALADS case; the spinning anti-de Sitter wormhole [32] is such a geon. Another easily exhibited geon is the RP 2 geon, the 3-dimensional analog of the RP 3 geon of [34] . It can be built from the standard 2 + 1-dimensional AdS black hole solution [43] with spatial topology S 1 × R by identification of the two asymptotic regions to form a single one. It contains a t = 0 hypersurface formed from that of the AdS black hole by identification of antipodal points on its totally geodesic S 1 throat. This hypersurface consequently has the topology of RP 2 −{p}.
Other ALADS solutions, including those whose Cauchy surfaces have nontrivial topology and have more than one asymptotic region, are also examples with horizons [30, 31] .
Therefore the key question is whether or not there exist geon solutions for the case of zero cosmological constant. To answer this equation we first establish that all AF geons contain an outer trapped surface.
Theorem 6. Every globally hyperbolic, AF geon that satisfies the NEC has a cover whose Cauchy surface contains an outer trapped surface.
Proof. Assume that there exists M 2+1 , an globally hyperbolic AF geon. First, the DEC implies the NEC; therefore Theorem 5 implies M 2+1 must have all topology behind a horizon.
We now show a contradiction to the existence of a horizon for the AF case. We do so by
showing that the existence of a horizon implies that there is an outer trapped surface in a AF spacetime that is a cover of the geon. Let the Cauchy surface of M 2+1 be V . As and negative inward where outward is defined as the radial spatial direction toward I i . This surface is outer trapped with respect to I 0 as any curve from this surface to I 0 must travel radially inward, that is away from I i . As the expansion in this direction is negative, this large circle is outer trapped with respect to I 0 . As the Cauchy surface can be chosen such that it contains this large circle, there is an outer trapped surface inV .
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Also note that Cauchy surfaces containing outer trapped surfaces must also exist for ALADS spacetimes in 3 dimensions by a similar argument.
It is important to note that this proof does not use the universal cover of V . In 3-dimensional AF spacetimes, each connected component of I is not itself simply connected, in contrast to the case in 4 or more spacetime dimensions. This fact means that the construction of the universal cover of V unwinds not only nontrivial curves that characterize the geon itself but also those that wrap I. This results in an unnecessarily complicated covering space with very different structure than that needed to prove Theorem 6 and its corollaries.
Given that the existence of a horizon in a AF geon spacetime implies the existence of an outer trapped surface, we can prove our final results. Its proof follows directly by a similar proof to Corollary 7; in this case the presence of the Maxwell stress energy tensor implies that c = 0 so the result follows directly from Theorem 1. At this point it is clear that the proof of the non-existence of AF geons can be extended to any case for which there can be no outer trapped surface. Such cases include all geons with long range matter fields.
V. DISCUSSION
We have demonstrated that the existence of 2 + 1-dimensional geons requires a negative cosmological constant. Moreover, Theorem 5 implies the topology any spacetime is always hidden behind a single horizon. Specifically, if one has two or more geons in anti-de Sitter spacetime consisting of a Cauchy surface containing two or more spatially separated local topological structures such as two or more handles on R 2 , an observer in the asymptotic region only sees a single horizon that hides all structures from their view. This is in marked contrast to the 4-dimensional case.
Although our proof of Theorem 1 is essentially the same as that of [33] , we have paid more attention to the case of zero cosmological constant. In particular, we have used analyticity to rule out the case of vacuum geons. This step is essential to our work. The fact that the argument for the analyticity of the vacuum Einstein equations in 3 dimensions can be made without assumption of stationarity or staticity is again in contrast to the 4-dimensional case.
Our careful treatment of the vacuum case is also essential to any rigorous proof that there is no Schwarzschild solution in 2 + 1 gravity. Theorem 6 and the observation that existence of a Schwarzschild solution implies existence of an RP 2 geon also implies that there is no Schwarzschild solution due to this careful analysis of the vacuum case. We are not aware of this appearing previously in the literature. Although we have concentrated attention on the vacuum and Einstein-Maxwell cases, similar corollaries clearly can be proven for any other matter fields coupled to gravity that satisfy the DEC. Furthermore, it is reasonable to anticipate that the rigidity of 2 + 1 gravity allows one to rule out the existence of outer trapped surfaces in nonanalytic solutions as well.
Finally, note that these results apply not just to Einstein gravity but to any 2+1 spacetime that satisfies the conditions of the theorems. In particular, note that the null energy condition is in fact a condition on the Ricci curvature and can be easily checked for any spacetime. Similarly, the dominant energy condition is used in Theorem 1 to obtain a definite sign on the curvature contraction in (5) . Therefore, these conditions can be checked for solutions of any 2+1 gravitational theory, including higher derivative theories.
Interestingly, certain common 2+1 gravitational theories violate the needed condions.
For example, solutions of the gravitating nonlinear O(3) σ model [52] satisfies the NEC for positive gravitational constant and violates the NEC for negative gravitational constant.
Not surprisingly, these solutions also violate the conditions needed on the curvature for case it is simply AdS 3 . The timelike warped AdS black hole violates the NEC in the squashed case, µl < 3. 9 Therefore, these examples violate the conditions needed for the topological censorship theorem proven in Section IV. Interestingly, this violation is independent of the sign of the gravitational constant. Therefore multiple black hole solutions could, in principle, exist in these theories. Thus geon solutions in which the geons are behind separate black hole horizons could also exist in these theories. Finally, as the NEC is used in the proof of the singularity theorems, there is no reason that geon solutions need be shrouded by black hole horizons. 9 The stretched case contains closed timelike curves and hence is not globally hyperbolic.
Note that satisfaction of the NEC is a crucial ingredient for fundamental results in general relativity. The NEC or a convergence condition stronger than the NEC is imposed in all version of the singularity theorems [40] . It is also imposed in the area theorem of Hawking. Consequently, in solutions that violate the NEC, one may not have the connection between increasing horizon area and increase of entropy as dictated by the second law of thermodynamics.
In summary, there are no geon containing solutions of asymptotically flat vacuum gravity in 2+1 dimensions. Solutions to asymptotically AdS 2+1 gravity can contain geons; however all geons are hidden behind a single black hole horizon. In contrast, solutions in theories such as the O(3) σ model with negative gravitational constant and topologically massive gravity potentially can contain geons, either each behind a separate black hole horizon or possibly behind no horizons as solutions in these theories violate the NEC. However, as the NEC is violated, one expects these solutions to be generically unstable. This instability may be related to those noted in topologically massive gravity at the chiral point from a perturbative viewpoint [57] .
